Introduction
The so-called non-dimensional influence function ͑NDIF͒ method ͑a method using non-dimensional dynamic influence functions͒ ͓1-5͔ that was introduced by the authors has advantages in solving free vibration problems, compared with the finite element method ͑FEM͒ ͓6͔ and the boundary element method ͓7,8͔. Since no interpolation function is used in the NDIF method ͑two basis functions are used instead͒, no integration procedure is involved in its theoretical formulation. As a result, the NDIF method needs a small amount of numerical calculation and yields rapidly converged results ͑natural frequencies and mode shapes͒. However, the NDIF method has the weak points that it needs an additional treatment to remove spurious eigenvalues ͓4͔, it cannot be directly applied to a multi-connected domain problem and the multidomain method should be used ͓3͔, and it may have an illconditioned system matrix when too many nodes are used.
In this paper, the NDIF method is extended to the free vibration analysis of free plates of smooth, arbitrary shapes having no corner. Polygonal plates having corners, such as triangular and rectangular ones, will be considered in another paper, because two cases with and without corners are quite different in their theoretical formulations.
As surveyed in the previous paper ͓5͔ reported by the authors, many researchers have studied the free vibrations of plates with a variety of shapes and boundary conditions ͓9-25͔. Recently, the Trefftz method and the method of fundamental solutions similar to the NDIF method have been introduced ͓26-29͔. However, analytical methods for arbitrarily shaped plates with the free boundary condition have been little reported in the open literature to the authors' best knowledge. This rarity may result from the fact that the free boundary condition has many mathematical difficulties because it consists of two complicated differential equations of higher order. In this paper ͑to settle the aforementioned difficulties͒, a local polar coordinate system is devised to simplify the free boundary condition that is generally expressed by the normaltangential coordinate system ͓30͔. A detailed explanation on the local polar coordinate system will be given in the body of the paper.
On the other hand, similar to previous papers ͓4,5͔ dealing with clamped or simply supported boundary condition, the linear superposition of non-dimensional dynamic influence functions is assumed as an approximate solution for the flexural vibration of free plates in the paper. By using the local polar coordinates system, the free boundary condition is applied to the approximate solution. One can then obtain the system matrix, the singular values of which consist of correct eigenvalues and spurious ones. On the other hand, the spurious eigenvalues are removed by using a method similar to that used in the previous paper ͓4͔.
Unlike the previous papers ͓4,5͔, it should be noted in this paper dealing with the free boundary condition that a functional value of the non-dimensional dynamic influence function diverges when the distance between two nodes involved in the function becomes zero. In this paper, this divergence problem is successfully overcome by extracting the limit form of the nondimensional dynamic influence function.
In addition, an approach similar to that used in the previous work ͓4,5͔ is used to remove spurious eigenvalues, which correspond to the eigenvalues of a membrane with the same shape as the free plate of interest. The validity and accuracy of eigenvalues and mode shapes found by the proposed method were verified by several comparison tests.
Theoretical Development

Governing Equation and Boundary Conditions for
Free Plates. Consider a thin, isotropic plate of which the boundary ⌫ is depicted with the dotted line in Fig. 1 . The governing differential equation for free flexural vibration of this plate has the form ͓30͔
where the operator ٌ 4 = ٌ 2 ٌ 2 is known as the biharmonic operator, w = w͑r , t͒is the transverse deflection at position vector r, s is the surface density of the plate, and D = Eh 3 / 12͑1− 2 ͒ is the flexural rigidity. If the plate vibration is assumed as a harmonic vibration w͑r , t͒ = W͑r͒f͑t͒, where W͑r͒ depends on the spatial coordinate only and f͑t͒ is a time-dependent harmonic function of circular frequency , Eq. ͑1͒ leads to
where ⌳ = ͑ s 2 / D͒ 1/4 is the frequency parameter. Furthermore, if the boundary of the plate is assumed as a free edge, the boundary conditions are
where M n and V n denote the bending moment and vertical force at the edge, respectively ͓30͔. For the particular case of a circular plate ͓30͔, M n and V n can be expressed in the polar coordinates system ͑r , ͒, respectively, as follows
which will later be referred to for the development of a local polar coordinates system devised in this paper.
Assumption of the General Solution and Discretization of Boundary
Conditions. Similar to the general solution of plates with the clamped boundary condition ͓4͔ or the mixed boundary condition ͓5͔ in previous research, that of a free plate depicted by the dotted line in Fig. 1 is assumed as a linear superposition of the non-dimensional dynamic influence functions defined in an infinite plate
where N is the number of nodes distributed along the boundary of the plate, J 0 and I 0 denote Bessel functions of order zero of the first and second kinds, respectively, and r k is the position vector for node P k in Fig. 1 . Note that Eq. ͑7͒ automatically satisfies the governing equation ͑2͒ because it is made by a linear superposition of non-dimensional dynamic influence functions satisfying the governing equation. Because of this fact, an eigensolution of the plate can be obtained by applying the free boundary conditions ͑3͒ and ͑4͒ to ͑7͒.
Since the NDIF method is based on a kind of collocation technique, Eqs. ͑3͒ and ͑4͒ defined continuously along the boundary ⌫ are approximated as discrete boundary conditions, which are defined discretely at nodes on ⌫
where r i denotes the position vector indicating the ith node on ⌫ in Fig. 1 .
Introduction of a Local Polar
Coordinates System. A polar coordinates system is generally used for plates of only circular shape, but in this paper, is used to consider free boundary conditions of an arbitrarily shaped plate with a smoothly varying boundary. For reference, unknown element fields in FE implementations are typically expressed in an element-based local coordinate system. A special idea is devised to express the discrete free boundary conditions ͑8͒ and ͑9͒ with a polar coordinates system. The idea is to locally define a polar coordinates system for each node as shown in Fig. 2 , where the ith local polar coordinates system for node P i is illustrated.
The key feature of the ith local polar coordinates system is that the normal direction of the boundary measured at node P i coincides with the radial direction of the coordinates system because the origin ͑O i ͒ of the coordinates system is intentionally located at the center of curvature of the boundary measured at node P i . Because of this feature, Eqs. ͑8͒ and ͑9͒ can be immediately changed as M r ͓W͑r i ͔͒ = 0 ͑10͒ 
͑11͒
which may be explicitly expressed, in the same forms as Eqs. ͑5͒ and ͑6͒, as follows
where r i and i denote the ith local polar coordinates. 4 "x i , y i …, "x k , y k …, and "x 0i , y 0i … denote coordinates of node P i , node P k , and origin O i , respectively, for the global coordinates system "x , y…; this figure also illustrates that node P k approaches node P i 2.4 Extraction of the System Matrix. In this section, the system matrix that gives eigenvalues and eigenmodes is extracted by substituting the general solution ͑7͒ into the free boundary conditions ͑12͒ and ͑13͒. Equations ͑12͒ and ͑13͒ then lead to, respectively
. . ,N which may be expressed as a simple matrix equation
where 2N ϫ 2N system matrix SM plate and system vector C are given by
and the elements of sub-matrices SM M J , SM M I , SM V J , and SM V I can be calculated by
Finally, in the same approach taken in the authors' previous research ͓4͔, the eigenvalues of the free plate can be obtained by plotting logarithm values of det͑SM plate ͒ / det͑SM mem ͒, where SM mem represents the system matrix of a fixed membrane with the same shape as the free plate. Theoretical development procedures Transactions of the ASME of the proposed method are summarized in Fig. 3 . Note that det͑SM plate ͒ is divided by det͑SM mem ͒ to remove the spurious eigenvalues generated due to the incompleteness of the general solution, and that the incompleteness results from choosing only two bases ͓4,29͔. For a more rigorous way of removing the spurious eigenvalues, refer to Chen's paper ͓31͔.
On the other hand, ͉r i − r k ͉ in Eqs. ͑21͒-͑24͒ should be expressed with the local polar coordinates r i and i to differentiate J 0 ͑⌳ ͉ r i − r k ͉͒ and I 0 ͑⌳ ͉ r i − r k ͉͒ with respect to r i and i . As illustrated in Fig. 4 , ͉r i − r k ͉, the distance between nodes P i and P k , may be expressed as
where ͑x i , y i ͒ and ͑x k , y k ͒ are coordinates of nodes P i and P k , respectively, about the global coordinates system ͑x , y͒. If using the local polar coordinates r i and i , ͑x i , y i ͒ can be expressed as
where ͑x 0i , y 0i ͒ denotes coordinates of origin O i about the global coordinates system. Finally, substituting Eq. ͑26͒ into Eq. ͑25͒ yields
where x 0i , x k , y 0i , and y k are given by the shape of the plate of interest.
Divergence Problem.
One may notice that Eqs. ͑21͒-͑24͒ cannot be evaluated for i = k because ͉r i − r k ͉ is involved in denominators of terms generated when the equations are expanded by applying L M͑i͒ and L V͑i͒ to J 0 ͑⌳ ͉ r i − r k ͉͒ and I 0 ͑⌳ ͉ r i − r k ͉͒ ͑i.e., Eqs. ͑21͒-͑24͒ diverge for i = k because the denominators become zeros͒. Thus, limit forms of Eqs. ͑21͒-͑24͒ for i = k will be found by approaching node P k to node P i as shown in Fig. 4 .
From Eq. ͑26͒, ͑x k , y k ͒ may also be expressed as
which is substituted into Eq. ͑27͒. Equation ͑27͒ then leads to
from which it may be said that approaching node P k to node P i denotes that r k → r i and k → i . Thus, the limit values of Eqs. ͑21͒-͑24͒ for i = k are calculated by means of r k → r i and k → i as follows
where ͉r i − r k ͉ was given by Eq. ͑29͒. For reference, similar work to measure Eqs. ͑30͒-͑33͒ has been done in a previous paper ͓32͔.
Verification Examples
To verify the proposed method, free vibration analyses of circular, elliptic, and arbitrarily shaped plates with free boundary conditions were carried out. For each case, the eigenvalues obtained by the proposed method were compared with those obtained by another analytical method and FEM ͑ANSYS͒. The mode shapes found by the proposed method are also presented in this paper.
3.1 Free Circular Plate. As shown in Fig. 5 , the boundary of the free circular plate of unit radius is discretized with 12 and 16 nodes. For reference, the ill-condition of the system matrix occurs for 24 nodes, which is because the distance between adjacent nodes is too close.
Logarithmic values of det͑SM plate ͒ / det͑SM mem ͒ for 12 and 16 nodes are plotted as a function of ⌳ in Fig. 6 where the values of ⌳ corresponding to the troughs represent the eigenvalues of the plate. In addition, note that the values of ⌳ corresponding to the peaks in Fig. 6 represent the eigenvalues of the membrane with the same shape as the plate. The first eight eigenvalues of the free circular plate obtained by the proposed method, Leissa's source, and FEM ͑ANSYS͒ are summarized in Table 1 . It may be said that the proposed method yields accurate results for only a small number of nodes, when the eigenvalues by the proposed method for N = 16 are compared with those by FEM for 4439 nodes. Figure 7 shows the first eight mode shapes of the plate found by the proposed method. The mode shapes were in good agreement with those by FEM, which have been omitted in this paper. It may be, interestingly, seen in Table 1 that the sixth eigenvalue ͑⌳ 6 ͒ was not found for N = 12. This results from the fact that the sixth mode has too many nodal lines in the circumferential direction to describe the mode shapes with only 12 nodes. On the other hand, although the seventh and eighth modes are higher modes than the sixth mode, they were successfully found for N = 12. This is because, as shown in Figs. 7͑g͒ and 7͑h͒, they have small numbers of nodal lines in the circumferential direction, compared with the sixth mode.
In summary, the minimum number of nodes is 16 for the first eight eigenvalues and the maximum number of nodes is 20 for avoiding the ill-condition of the system matrix when the number of nodes is increased by 4. Thus, it may be said that the present method has a proper region in the number of nodes for accurate eigenvalues.
Free Elliptic Plate.
Another verification example is an elliptic plate whose minor axis is unit length and the ratio of the major axis to the minor axis is 1:4. For N = 12 and N = 16, the locations of boundary nodes of the plate are illustrated in Fig. 8 . In Fig. 9 , logarithmic values of det͑SM plate ͒ / det͑SM mem ͒ are shown as a function of ⌳ for the two cases of discretized models ͑for reference, the ill-condition of the system matrix occurs for 24 nodes͒. It may be seen in Table 2 that the proposed method yields accurate results that show little difference with FEM results for 4335 nodes. In addition, Fig. 10 shows mode shapes found by the proposed method and they have been checked to agree well with those by FEM ͑ANSYS͒.
On the other hand, in Table 2 eigenvalues have also been presented by Sato's method ͓24͔, which is by now unique as an analytical method for free vibrations of free elliptic plates to the authors' best knowledge. It should be noticed that Sato's method gives only three eigenvalues among eight ones ͑⌳ 1 − ⌳ 8 ͒, but the proposed method successfully gives entire eigenvalues.
Free Plate of Arbitrary Shape.
Finally, free vibration analysis is carried out for an arbitrarily shaped plate for which there exists no analytical solution. As illustrated in Fig. 11 , the plate is composed of the half-circle and half-ellipse, of which the minor axis is unit length and the ratio of the major axis to the minor axis is 1:4. In addition, the boundary of the plate is discretized with 12 and 16 nodes.
In Fig. 12 , the logarithmic values of det͑SM plate ͒ / det͑SM mem ͒ are shown as a function of ⌳ for N =8, N = 12, and N =16 ͑for reference, the ill-condition of the system matrix occurs for 24 nodes͒. A comparison between the proposed and the numerical method ͑ANSYS͒ is summarized in Table 3 . It can be found from Table 3 that, although the proposed method uses only a small number of nodes ͑16 nodes͒, it gives results close to FEM results computed by using a large number of nodes ͑4095 nodes͒. The mode shapes of the plate that were obtained by the present method are shown in Fig. 13 , which were found to agree well with those by FEM.
In addition, it may be confirmed from Table 3 that the convergence of eigenvalues is non-monotonic for the third, sixth, and eighth eigenvalues. Thus, it may be concluded that the convergence of the method is non-monotonic. For reference, the nonmonotonic convergence of eigenvalues was confirmed in the author's previous papers ͓4,5͔.
Conclusions
In this paper, the NDIF method has been successfully extended to the free vibration analysis of arbitrarily shaped plates with the free boundary condition. Verification examples show that the proposed method yields accurate eigenvalues and mode shapes extremely close to those from other analytical methods and FEM ͑ANSYS͒, even when only a small number of nodes is used compared with FEM. Since the proposed method has been especially developed for plates with only smoothly varying boundaries ͑note that, due to this specialty, it gives very accurate results͒, it cannot be applied immediately to plates with straight edges. Thus, a new approach effective for polygonal plates such as triangular and rectangular plates will be presented in another paper following this paper. 
